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In this paper we reconsider the existence of stealth fields during the evolution of our Universe by
admitting more realistic nonminimal couplings to gravity than the conformal one. In the framework
of the FRW cosmology we found that inhomogeneous stealths, as those enabled in the conformal
case, are only allowed in de Sitter backgrounds. In particular, it is shown that the homogeneous
stealths resulting from nonconformal couplings can coexist with each kind of matter dominant in
the several phases characterizing the evolution of our Universe according to the ΛCDM model.
I. INTRODUCTION
The standard cosmological model describes the evolu-
tion of an isotropic and homogeneous universe as required
by the cosmological principle, that is of a spacetime
described by the Friedmann-Robertson-Walker (FRW)
metric
ds2 = a(τ)2
(
−dτ2 + dr
2
1− kr2 + r
2
(
dθ2 + sin2θ dφ2
))
,
(1)
where τ is the conformal time and a(τ) is the scale factor.
The constant k determines the spatial topology of the
Universe, with k = −1, 0,+1 corresponding to open, flat
and closed universes. For a given matter content ϕm,
metric (1) extremizes the action
S[g, ϕm] =
∫
d4x
√−g
(
1
2κ
(R− 2Λ) + Lm
)
, (2)
by solving Einstein equations
Gµν + Λgµν − κTµν = 0 , (3)
where κ is the Einstein constant and Λ is the cosmo-
logical constant. A consistent picture of the cosmolog-
ical history, supported by the observational data [1–4],
emerged from the corresponding solutions of (3). Known
as the Big Bang, it describes an early very flat universe
filled with a quark-gluon plasma which started to expand
and to get colder, giving rise to many phase transitions
in the matter content. This picture involves a mixture
of fluids, however, since the density of each fluid varies
differently with the expansion, there are long periods of
time where the energy of a given fluid is dominant while
the other ones are subdominant. This way, the early radi-
ation dominated phase was replaced, about 350000 years
later, by an intermediate era dominated by pressureless
matter (baryonic and of an unknown kind coined dark).
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By the end of the last century it was empirically estab-
lished that very recently our observable universe became
dominated by some energy (also of an unknown kind and
also coined dark) doing a positive work which induces
accelerated expansion. The simplest candidate for this
dark energy is a positive cosmological constant.
All of the above mentioned cosmological phases can
be modeled with barotropic perfect fluids given by an
equation of state p = wρ, where p and ρ stand, corre-
spondingly, for the pressure and energy density of the
fluid, while w is the constant of state. In absence of a
cosmological constant, the solution of Einstein equations
(3) for the flat FRW universe (1) filled with a barotropic
fluid corresponds to a power law (see Appendix A)
a(τ) = abτ
b, b ≡ 2
1 + 3w
. (4)
For radiation, w = 1/3, the power is b = 1, while for
baryonic and dark pressureless matter, w = 0, it is b =
2. Even more, the case of a universe dominated by the
cosmological constant can also be described by (4) with
a constant of state w = −1. As it was mentioned, the
corresponding solution with b = −1 is accelerating and
is known as the de Sitter spacetime.
Since the described background is homogeneous and
isotropic, the picture briefly drawn cannot explain the
existence of cosmic large scales structures, which are the
consequence of the growth of primordial density fluctua-
tions. Amongst some other problems, it neither explains
why our Universe looks so flat, given that, with a positive
constant of state, the flat case is an unstable equilibrium
of the cosmological dynamics [5, 6]. Up to date, the best
available solution to these problems is called cosmological
inflation [5, 6]. It also describes an accelerated expansion,
but at very early times, even before the formation of the
quark-gluon plasma. The cosmological constant is not a
good candidate for the inflationary matter because the
de Sitter universe is unstable in the sense that it never
ends to accelerate, thus not giving place to the rise and
expansion of the quark-gluon plasma. Therefore, per-
haps the simplest scenario is that of the energy density
in the very early universe being dominated by the poten-
tial energy of a single real scalar field φ called inflaton.
Then, the quantum fluctuations of the inflaton served as
2the seeds for the formation of large scale structure and
of the anisotropies in the cosmic microwave background
(CMB). An interesting model is power-law inflation for
potential V (φ) ∝ exp(−
√
2κ(b+ 1)/b φ) and scale factor
(4) with b < −1 [7]. It has several attractive features
concerning theory and observations [5, 6]. First, the tree
expansions often used for scalar field potentials arising in
quantum field theory are just deviations from the trun-
cated Taylor series of the exponential function. Second,
the exponential potential is the only inflationary model
yielding exact power-law spectra [8], and because the de-
parture of the spectra amplitudes from scale invariance
is predicted to be very small, the power-law parametriza-
tion of the primordial spectra is often used while analyz-
ing the CMB data [4].
This whole description of the evolution of our Universe
is known as the Λ cold dark matter (ΛCDM) model. Data
from highly accurate satellite and ground-based observa-
tions strongly support this model as the best theoretical
framework [4]. Nevertheless, in spite of the success of
the ΛCDM model, there is still a large number of open
questions in cosmology, perhaps the more relevant being
what is the nature of most of the matter content of our
Universe. We do not know what are the dark energy,
the dark matter or the precise inflationary matter. Typ-
ically, candidates for these kinds of matter are accepted
or discarded considering the impact they have on the be-
havior of the scale factor, which in turn determines the
values of most cosmological observables. Additionally, a
less known kind of exotic matter can also be included
in the ΛCDM model. It has been shown that General
Relativity allows for special nontrivial matter configura-
tions with no backreaction on the gravitational field, i.e.
whose existence does not affect the evolution of the un-
derlying spacetime. Scalar fields with this property were
first found for the static BTZ black hole [9] and later
for the Minkowski flat space [10], (A)dS space [11] and
other holographic backgrounds [12]. They were coined
gravitational stealths. The existence of stealths for the
de Sitter (dS) cosmology was studied in Ref. [13]. The
relevance they have for the probability of nucleation of
such universes was emphasized in Ref. [14].
Moreover, in Ref. [15] it was shown that not only
de Sitter universes, but any homogeneous and isotropic
universe, independently of its spatial topology and mat-
ter content, allows for the presence of a conformal stealth
which evolves along with the Universe without exhibiting
its gravitational fingerprints. This result can be under-
stood as a mapping of the previously known stealth con-
figurations of Minkowski spacetime into stealths in FRW
spacetimes. The corresponding map was found using the
conformal symmetry of the stealth action, as well as the
conformal flatness of FRW spacetime which is a conse-
quence of its homogeneity and isotropy. Nevertheless, as
it was already mentioned, the later are just approximated
symmetries of the actual Universe where stars, galaxies,
clusters of galaxies, etc. are present. Therefore, many im-
portant observables of the successful ΛCDM model are
related to density perturbations which grew into this cos-
mic large scale structure. The backreaction of these den-
sity perturbations, on the one hand breaks the above
mentioned symmetries of the FRW spacetimes, spoiling
its conformal flatness, and on the other hand they also
induce perturbations on the coexisting conformal stealth.
These last perturbations differ from the stealth in nature
because they are necessarily coupled both to the mat-
ter sources, which were never conformally invariant, and
to the perturbed spacetime which is not longer confor-
mally flat. Consequently, conformal symmetry is irrele-
vant at the perturbative level defining the ΛCDM model.
Hence, constraining the stealths of cosmology to being
conformally coupled is an unnecessary restriction which
can severely limit the analysis of more realistic scenarios.
For this reason, the main motivation of this paper is to
explore the existence of stealth configurations in FRW
spacetimes for general nonminimal couplings, where no
obvious conformal arguments can be used.
In the next section we state the problem for a general
nonminimal coupling parameter ξ and derive the relevant
expressions. One main conclusion is that going beyond
the conformal coupling, ξ 6= 1/6, necessarily implies that
a generic cosmology only allows homogeneous stealths.
In contrast with the conformal case, ξ = 1/6, the only ex-
ception are just the de Sitter cosmologies. In Sec. III we
first show the existence of a class of stealths during a big
bang era for generic values of ξ. Later we present some
examples of stealth potentials for different couplings dur-
ing those eras of the ΛCDM model when the matter con-
tent was dominated by the energy of a single fluid as
those yielding (4). Next, in Sec. IV the inhomogeneous
stealths of the de Sitter cosmologies are analyzed in detail
for generic values of the nonminimal coupling parameter.
The special value of the coupling ξ = 1/4 is studied in
Sec. V. For homogeneous stealths the nonminimal cou-
pling to gravity can be reinterpreted as contributing to
the self-interaction of the field; the arising of this effective
self-interaction potentials is discussed in Sec. VI. In the
last section we briefly summarize our conclusions. We
also include some appendixes with relevant details.
II. STEALTHS WITH NONCONFORMAL
COUPLINGS
Let us start here by stating the problem of finding
stealth scalar fields not necessarily conformally coupled
to the FRW spacetime (1). With this aim we supplement
action (2) with the one describing a self-interacting scalar
field Ψ nonminimally coupled to gravity
S[g, ϕm]−
∫
d4x
√−g
(
1
2
∂µΨ∂
µΨ+
ξ
2
RΨ2 + U(Ψ)
)
,
(5)
where ξ is the nonminimal coupling parameter, and the
special value ξ = 1/6 is the one describing the conformal
case. Next, we demand the first term to be again ex-
tremized by solving Einstein equations (3) for the same
3matter content ϕm. This necessarily implies that the
second term does not contribute to the extrema, i.e. the
corresponding energy-momentum tensor must vanish on
the background,
0 = T sµν = ∂µΨ∂νΨ− gµν
(
1
2
∂αΨ∂
αΨ+ U(Ψ)
)
+ ξ (gµν−∇µ∇ν +Gµν)Ψ2 , (6)
and any nontrivial solution Ψ to the above constraint
defines a stealth configuration.
In order to find these nontrivial solutions on a given
FRW background with scale factor a it is useful to rede-
fine the field as
Ψ =
1
√
κ (aσ)
2ξ
1−4ξ
, (7)
where the function σ = σ(xµ) inherits the full spacetime
dependence of the scalar field. This redefinition is cho-
sen because it allows to follow the general method used
in [15] for the conformal case. From now on the nonmin-
imal coupling parameter ξ is taken to be nonvanishing
(because there is no stealth for minimal coupling ξ = 0)
and different from the value ξ = 1/4, which will be stud-
ied in Sec. V.
Hence, following [15] we conclude, by solving the off-
diagonal components of the stealth constraint (6), that
the redefined field is again separable according to
σ(xµ) = T (τ) +R(r) + r [Θ(θ) + sin(θ)Φ(φ)] . (8)
This separation is defined up to a residual symmetry;
homogeneous terms in Φ, Θ, and R can be compensated
by a sinusoidal dependence in Θ, a linear one in R, and
another homogeneous term in T , respectively.
Now, by taking differences of the diagonal components
of (6), it is found that as in [15]
Φ(φ) = A1 cosφ+A2 sinφ, (9a)
Θ(θ) = A3 cos θ, (9b)
R(r) =


B−
√
1− kr2, k 6= 0,
1
2αr
2, k = 0,
(9c)
where the above mentioned residual symmetry has been
taken into account. Here, Ai (i = 1, 2, 3), α and B−
are integration constants whose dimensions are inverse
length.
The remaining difference of diagonal components is
0 =
(1 − 4ξ)a2σ
4ξ2Ψ2
(
T s θθ − T s ττ
)
=


T ′′ + kT +
3
ξ
(
ξ − 1
6
)(H′ −H2 − k)σ, k 6= 0,
T ′′ + α+
3
ξ
(
ξ − 1
6
)(H′ −H2)σ, k = 0,
(10)
where H ≡ a′/a is the conformal Hubble parameter and
the prime denotes derivatives with respect to conformal
time. Is here where the first differences with respect to
the approach of Ref. [15] appear. In that reference, the
inhomogeneous σ contributions of conditions (10) do not
appear because the studied coupling had the conformal
value ξ = 1/6. This allowed us to find exactly the time
dependent contribution T , regardless of the scale factor a
and the corresponding spatial dependence of the stealth.
This is no longer valid for the general nonminimal cou-
plings, ξ 6= 1/6, considered here. As can be appreciated
from (10), the stealth must be necessarily homogeneous,
unless the parentheses including the conformal Hubble
parameter vanishes, i.e.
H′ −H2 − k = 0. (11)
Only when the above constraint is fulfilled inhomoge-
neous configurations having σ(xµ) 6= T (τ) are allowed,
independently of the value taken by the nonminimal cou-
pling parameter. Constraint (11) has a single solution
which is precisely the de Sitter universe (Appendix D),
whose inhomogeneous stealths will be studied in Sec. IV.
In other words, it follows from (10) that the only cos-
mologies allowing inhomogeneous stealths for a generic
value of the nonminimal coupling parameter ξ 6= 1/6 are
the de Sitter ones. For any other cosmology it is necessar-
ily satisfied that σ(xµ) = T (τ), i.e. the resulting stealths
become homogeneous, which according to (8) only occurs
when all the integration constants appearing in solution
(9) vanish. Summarizing, in order to completely deter-
mine the stealth from expression (7) for a nonconformal
coupling and a given scale factor (defining a cosmology
different from the de Sitter one), it remains to find the ex-
tra time dependence from Eqs. (10). For arbitrary back-
grounds, no general closed-form solution exists for these
equations, i.e. it will depend on the specific form of the
scale factor.
After solving (10), we would have satisfied all the off-
diagonal conditions of the stealth constraint (6), as well
as all the differences between the diagonal ones. Hence,
only one last condition needs to be satisfied, which fixes
the unique potential defining the self-interacting behavior
of the stealth. For a generic cosmology this condition is
0 = −T s ττ = U(Ψ)−
Ψ2
2a2
{
6ξ
[
(6ξ − 1)H2 − k]
−
[(
ln a6ξΨ
)′]2}
. (12)
In the next section we start by finding the explicit form
of the nonconformal stealths for the scale factors which
describe the different eras of ΛCDM cosmology.
III. STEALTHS IN ΛCDM COSMOLOGY
Perhaps the more interesting solution to the problem
stated in the previous section is a stealth witnessing the
4whole cosmological evolution as described by the ΛCDM
model. In principle, the solution on the related back-
ground can be found by numerically integrating (10),
however, for a better understanding of the main features
of this universal stealth it is useful to do the analysis for
each of the eras comprising the ΛCDM model.
With this aim we start by analyzing the Big Bang era.
As it was already mentioned, it describes the evolution
of the mixture of two kinds of barotropic perfect fluids:
radiation and pressureless matter. Let ρν and ρm be the
densities for radiation and matter respectively, then (as
is explicitly shown in Appendix B) one can solve for the
scale factor as
a(τ) = a1τ + a2τ
2, (13a)
where
a1 =
√
3
κρν
, a2 = 2
√
3
κρm
,
and the powers are fixed according to (4). With this scale
factor, the homogeneous solution of Eq. (10) for k = 0 is
given in terms of the hypergeometric function
T (τ) = a(τ)
1
2−β1
×
[
C1 2F1
(
γ− − 2β1, γ+ − 2β1; 1− 2β1;−a2
a1
τ
)
+ C2τ
2β1
2F1
(
γ−, γ+; 1 + 2β1;−a2τ
a1
)]
, (14a)
where
β1 =
√
25
4
− 1
ξ
, γ± =
1
2
±
√
73
4
− 3
ξ
, (14b)
and C1, C2 are integration constants. Recall that to find
the self-interaction potential we need to solve the con-
straint (12). The usual way to deal with this problem
is to write the explicit dependence of both the stealth
and the scale factor on the coordinates (in this case τ)
and then use the inverse relation between the stealth and
the coordinates to exhibit the explicit dependence U(Ψ).
However, relation (7) is not invertible in general for an
arbitrary nonminimal coupling ξ. This is the case for the
scale factor (13a).
In spite of the above difficulty we can outline the main
properties of these stealths if we use the fact that ini-
tially (τ << 1) the first contribution in the scale factor
(13a) dominates, indicating a radiation phase, and lately
(τ >> 1) the leading term is the second one, correspond-
ing to a matter dominated phase. This way in each case
the scale factor is reduced to just a power-law. Even
more, as mentioned in the Introduction, another impor-
tant phase of the ΛCDM cosmology which is also de-
scribed by a power-law is inflation. Taking into account
all these reasons, we will consider a power-law evolution
in flat universes as described by the scale factor (4). Af-
ter introducing this expression in the stealth condition
ξ
0
b
1/6
1/4
FIG. 1. Regions where the discriminant ∆ is positive (light
blue) and negative (salmon).
(10) we obtain the following differential equation
τ2T ′′ − 3b(b+ 1)(ξ − 1/6)
ξ
T = 0. (15)
This is an Euler equation and their linearly independent
solutions are also power-laws, T ∝ τγ , whose exponents
γ are determined from the corresponding characteristic
polynomial
γ2 − γ − 3b(b+ 1)(ξ − 1/6)
ξ
= 0, (16)
solved by
γ± =
1
2
±
√
∆ , (17a)
∆ =
b(b+ 1)
2
(
1
ξb
− 1
ξ
)
, (17b)
ξb =
1
6 + 12b(b+1)
. (17c)
Therefore, the precise functional form of the solutions
of the Euler equation (15) depends on the sign of the
discriminant ∆. These signs can be appreciated in Fig. 1,
where the blue regions denote ∆ > 0, the salmon ones
∆ < 0 and consequently ∆ = 0 are just the boundaries
between these regions. We analyze each of these cases in
the following subsections.
5A. Solutions with ∆ > 0
The discriminant (17b) is positive for two general
cases: the first, when −1 < b < 0 with ξ < ξb, and
the second, for b > 0 or b < −1 with ξ > ξb (see Fig. 1).
In those cases the general solution of the Euler equation
(15) is given by
T (τ) = A0τ
1
2+β + σ0τ
1
2−β , (18a)
where A0 and σ0 are integration constants and
β =
√
∆ . (18b)
Using this solution the stealth field (7) can be expressed
as
Ψ(τ) = Ψ0
[(
τ
τ0
)b+ 12+β
+
(
τ
τ0
)b+ 12−β] −2ξ1−4ξ
, (19a)
where the new constants are related to the old ones by
τ0 =
(
σ0
A0
) 1
2β
, (19b)
Ψ0 =
1√
κ
[
a0σ
b+1
2
+β
2β
0 A
− b+
1
2
−β
2β
0
] −2ξ
1−4ξ
. (19c)
In general, expression (19a) is not invertible and the cor-
responding self-interaction potential must be parametri-
cally given by
U(Ψ) =
{
Ψ(τ),
U(τ),
where U(τ) is given by (12).
It is worthy to notice that the relation between τ and
Ψ can be inverted for some specific values of the powers
of τ that appear in (19a); this fixes either the scale fac-
tor exponent b or the nonminimal coupling parameter ξ.
Now we proceed to study two of these explicit examples.
1. Explicit potential for fixed scale factor exponent
The first explicit example is obtained by choosing the
exponent as b = −1/2 and ξ < 1/4, since (19a) becomes
Ψ(τ) =
Ψ0[(
τ
τ0
)βˆ
+
(
τ
τ0
)−βˆ] 14βˆ2 , (20)
which is inverted as
τ = τ0

1±
√
1− 4
(
Ψ
Ψ0
)8βˆ2
2
(
Ψ
Ψ0
)4βˆ2


1
βˆ
, (21)
Ψ
Ψ0
U−
U+
U (Ψ)
U0
b = −12, ξ = 15
FIG. 2. The self-interaction potentials of the stealth overfly-
ing a power-law universe with exponent b = −1/2 are plotted
for ξ = 1/5.
where the dependence on the nonminimal coupling pa-
rameter is encoded in
βˆ =
√
1− 4ξ
8ξ
. (22)
Therefore, it is possible to obtain the two families of po-
tentials
U±(Ψ) =
2
1
βˆU0
16βˆ2(2βˆ2 + 1)
(
Ψ
Ψ0
)2(2βˆ+1)
1
[1± P (Ψ)]2+ 1βˆ
×
[
2(2βˆ + 1)[3(2βˆ + 1)± 2(βˆ + 1)P (Ψ)]
×
(
Ψ
Ψ0
)8βˆ2
− 8(2βˆ2 + 1)
(
Ψ
Ψ0
)16βˆ2
− (2βˆ + 1)(4βˆ + 1) [1± P (Ψ)]
]
, (23a)
with
P (Ψ) ≡
√√√√
1− 4
(
Ψ
Ψ0
)8βˆ2
, U0 =
Ψ0
2
16τ0a0 2
. (23b)
As an illustration, the plot of the two branches U+(Ψ)
and U−(Ψ) with ξ = 1/5 is presented in Fig. 2.
62. Explicit potential for fixed nonminimal coupling
For the second explicit example, we fix the nonminimal
coupling parameter in terms of the exponent of the scale
factor by
ξ = ξ˜ ≡ 9b(b+ 1)
4[13b(b+ 1) + 1]
, (24)
which cover the two general cases described at the begin-
ning of this subsection that give a positive discriminant
(17b). Concretely, in the first case the value b = −1/2
and the following intervals are excluded
−1
2
− 3
2
√
13
< b < −1
2
− 1√
6
,
−1
2
+
1√
6
< b < −1
2
+
3
2
√
13
,
since the defining condition ξ˜ < ξb is only satisfied for
the rest of the interval −1 < b < 0. All the values of
the second case are covered by the parametrization (24),
because ξ˜ > ξb for b < −1 and b > 0.
After fixing the nonminimal coupling, expression (19a)
becomes
Ψ(τ) =
Ψ0[(
τ
τ0
)2β˜
+
(
τ
τ0
)β˜] 18β˜2−116β˜2 , (25a)
β˜ =
2b+ 1
3
. (25b)
For b 6= −1/2, this relation allows the inversion
τ = τ0

−1 +
√
1 + 4
(
Ψ0
Ψ
) 16β˜2
18β˜2−1
2


1
β˜
. (26)
Hence, the allowed potential is given by
U(Ψ) =
2
1
β˜
+2
U0(9β˜
2 − 1)2
τ0 6β β˜2(13β˜2 − 1)
(
Ψ
Ψ0
)2
[Q(Ψ)− 1] 1β˜−3
×

[Q(Ψ)− 1](13β˜2 − 1)
(
Ψ
Ψ0
) 16β˜2
9β˜2−1
+ 2
[
2(13β˜2 + 3β˜ − 1)Q(Ψ)− 21β˜2 − 6β˜ + 3
]
×
(
Ψ
Ψ0
) 8β˜2
9β˜2−1
−8(1 + β˜)(3β˜
2 + 4β˜ − 1)
3β˜ + 1
}
(27a)
where
Q(Ψ) ≡
√√√√
1 + 4
(
Ψ
Ψ0
) 8β˜2
1−9β˜2
, (27b)
U (Ψ)
U0
b = −3
b = 1
b = 2
Ψ
Ψ0
FIG. 3. The second example of an explicit self-interaction
potential for the stealth is plotted for radiation, b = 1, matter,
b = 2, and inflation with b = −3.
and U0 is still defined as in (23b). In Fig. 3 we plot
the potentials for interesting power laws corresponding
to phases dominated by matter, radiation, and a case of
inflation.
3. Early/late time approximation for arbitrary exponent
and coupling
For a generic phase characterized by a power-law ex-
ponent b the stealth potential cannot be explicitly ob-
tained for an arbitrary value of the nonminimal cou-
pling parameter ξ. Nevertheless, we can approximate the
stealth solution for both early and late times in a given
phase. The resulting approximations turn out to be in-
vertible giving the effective potentials characterizing the
self-interaction of the stealth in the corresponding evolu-
tion regimes. Using the notations Ψ−(τ) = Ψ(τ ≪ τ0)
and Ψ+(τ) = Ψ(τ ≫ τ0) then both cases can be summa-
rized within the same expression
Ψ±(τ) = Ψ0
(
τ
τ0
)− ξ(2b+1±2β)1−4ξ
. (28)
The explicit self-interaction potential for each approxi-
mation is
U(Ψ±) = λ±
(
Ψ±
Ψ0
) 2[1−3ξ+(1−2ξ)b±2ξβ]
ξ(2b+1±2β)
, (29a)
7U (Ψ±)
U0
Ψ±
Ψ0
b = 1, ξ < 1/6
b = 1, ξ > 1/6
b = 2, ξ < 1/6
b = 2, ξ > 1/6
FIG. 4. Stealth self-interaction for different phases of the
early universe and values of the nonminimal coupling param-
eter ξ. The blue line, U(Ψ+) corresponds to the late time
radiation dominated epoch, b = 1, and the red line U(Ψ−) to
the early matter dominated phase, b = 2. The graphs with
ξ < 1/6 are drawn with solid lines while for ξ > 1/6 have long
dash lines.
where the self-interaction coupling constants are given by
λ± = − 16U0ξ
τ0 2b+1(4ξ − 1)2 {±2ξ[1 + 4(6ξ − 1)b]β
+ (6ξ − 1)[2(8ξ − 1)b+ 4ξ + 1]b+ ξ} . (29b)
We present in Fig. 4 plots for two particular cases,
the late time approximation of the radiation dominated
phase, b = 1, and the early time approximation of the
matter dominated phase, b = 2, for different values of
the nonminimal coupling parameter ξ. With these cases
we end the discussion of solutions with positive discrim-
inant ∆.
Summarizing the results in this subsection, we have
found different explicit solutions for the stealth problem
when the discriminant (17b) is positive. We have ob-
tained the self-interaction potentials by fixing, on the one
hand, the value of the scale factor exponent and, on the
other hand, the nonminimal coupling parameter in terms
of the former. We covered relevant phases of the Universe
evolution, moreover, early and late time regimes of these
phases were also explicitly addressed. Several behaviors
of the potentials were found depending on the election
of the nonminimal coupling parameter and the scale fac-
tor exponent. Particularly, we have found cases where
the obtained potentials are unbounded from below, how-
ever this behavior can be mended as will be discussed in
U(Ψ)
U0
Ψ
Ψ0
ξ = 6/10
ξ = 3/10
FIG. 5. Homogeneous stealth self-interaction of the oscilla-
tory solution with b = −1/2 for two values of ξ > 1/4.
Sec. VI. In the following subsection we proceed to study
solutions with negative discriminant.
B. Solutions with ∆ < 0
As it is shown in Fig. 1, the discriminant ∆ given by
(17b) will be negative when −1 < b < 0 with ξ > ξb, or
in the case when b > 0 or b < −1 with ξ < ξb. There-
fore, the power exponents of the solutions to the Euler
equation (15) become imaginary, leading to trigonomet-
ric dependences. Consequently, for ∆ < 0 the stealth
field can be expressed as
Ψ(τ) = Ψ0
[(
τ
τ0
)b+1/2
cos
(√
−∆ ln τ
τ0
)]− 2ξ1−4ξ
. (30)
Once again, if b = −1/2 (ξ > 1/4) it is possible to give
an explicit solution, since the relation between the stealth
and the conformal time can be inverted as
τ = τ0 exp

 1β arccos

( Ψ
Ψ0
)4β2

 , (31)
β =
√
4ξ − 1
8ξ
. (32)
Therefore, the functional form of the potential is
8U(Ψ) = 4U0 exp

− 1β arccos

( Ψ
Ψ0
)4β2


(
Ψ
Ψ0
)2
×

1− 2β
2
2β
2
(
Ψ
Ψ0
)−8β2
+
1 + 2β
2
2β
2
+
3
β
√√√√( Ψ
Ψ0
)−8β2
− 1

 . (33)
The plots of this potential are shown in Fig. 5.
In this subsection we have studied the case were the
discriminant (17b) is negative and, as in the previous
subsection, an explicit solution for the stealth and its
self-interaction was found upon fixing the scale factor
exponent. It only remains to analyze the case with van-
ishing discriminant in the next subsection.
C. Solutions with ∆ = 0
We can appreciate from definition (17b) that a vanish-
ing discriminant corresponds to the value of nonminimal
coupling ξ = ξb, implying that the Euler equation (15)
has a single root with multiplicity two and the stealth
can be found to be
Ψ(τ) = Ψ0
[(
τ
τ0
)b+ 12
ln
τ
τ0
]−4b(b+1)
(2b+1)2
. (34)
Is not possible to obtain explicitly the potential in this
case since this relation is not invertible. Nevertheless,
we can have an idea of the stealth potential in presence
of radiation or matter by plotting it parametrically af-
ter fixing the corresponding exponent b. They exhibit a
similar behavior to the potential U+ of Fig. 2.
Here, we exhaust the scanning of nonconformal
stealths in universes with power-law scale factor. Their
necessarily homogeneous behavior is a characteristic on
all FRW universes, except for the de Sitter ones that we
study in the following section.
IV. DE SITTER COSMOLOGIES WITH
INHOMOGENEOUS STEALTHS
In Sec. II it was concluded that, except for the confor-
mal coupling ξ = 1/6, the stealths of a generic universe
must be necessarily homogeneous, which are precisely the
ones studied in the previous section. The only exceptions
allowing inhomogeneous stealths are the universes satis-
fying the constraint (11). As it is proved in Appendix D
this constraint unambiguously defines the de Sitter uni-
verses
ds2 =
l2k
sin2
√
kτ
(
−dτ2 + dr
2
1− kr2 + r
2dΩ2
)
. (35)
For them, even though the nonminimal coupling is not
conformal, condition (10) lead us to the same time de-
pendence obtained for the stealth in the conformal case
[15], that is
T (τ) =


A0√
k
sin
√
kτ +B+ cos
√
kτ, k 6= 0,
− 12ατ2 +A0τ + σ0, k = 0,
(36)
where A0, B+ and σ0 are integration constants. This
allows us to write the full dependence of the auxiliary
function characterizing the stealth as
σ(xµ) =
A0√
k
sin
√
kτ +
(σ0
2
+
α
k
)
cos
√
kτ
+
(σ0
2
− α
k
)√
1− k ~x2 + ~A · ~x. (37)
Here, the integration constants have been redefined as
B± = σ0/2 ± α/k. Let us remind that the spatial inte-
gration constants A1, A2, A3 can be set to zero through
quasitranslations as it was done in Ref. [15]. Finally,
having the explicit dependence of the stealth, we can
find analytically the self-interaction potential by solving
constraint (12) which gives
UdS(Ψ) =
2ξΨ2
(1− 4ξ)2
[
ξλ1(
√
κΨ)
1−4ξ
ξ
+ 24λ2ξ(ξ − 1/6)(
√
κΨ)
1−4ξ
2ξ
− 48
l2
(ξ − 1/6)(ξ − 3/16)
]
, (38a)
where the coupling constants are defined by
λ1 = AµA
µ − 2ασ0, (38b)
λ2 = A0/l. (38c)
This is exactly the self-interaction found in Ref. [11] for
the stealth on the dS background as is reviewed in Ap-
pendix E. For ξ = 1/6 this potential becomes the confor-
mal one already studied in Ref. [15] and exhibiting a sin-
gle global minimum. Whereas for ξ 6= 1/6, the existence
of their extrema depends on the values of the coupling
constants λ1 and λ2. For example, if λ1 > 0, λ2 > 0
and 0 < ξ < 1/6 the potential has a local maximum at
Ψ = 0 and a global minimum (see Fig. 6). Conversely, for
1/6 < ξ < 1/4 there is only a global minimum at Ψ = 0
for the same range of coupling constants, as is shown in
Fig. 7 along with other possible values for the couplings.
Similarly, the cases with ξ > 1/4 are plotted in Fig. 8
showing an unbounded from below potential for all val-
ues of the couplings. However, these undesired behaviors
might be corrected when the nonminimal coupling con-
tribution is seen as part of the field self-interaction in
9U(Ψ) 0 < ξ < 1/6
λ1 > 0, λ2 < 0
λ1, λ2 > 0
λ1 < 0, λ2 > 0
Ψ
λ1, λ2 < 0
FIG. 6. Stealth self-interaction in de Sitter cosmologies for
different values of the coupling constants when 0 < ξ < 1/6.
Ψ
U(Ψ) 1/6 < ξ < 1/4
λ1, λ2 > 0
λ1, λ2 < 0
λ1 > 0, λ2 < 0
λ1 < 0, λ2 > 0
FIG. 7. Stealth self-interaction in de Sitter cosmologies for
different values of the coupling constants when 1/6 < ξ < 1/4.
Ψ
U(Ψ) ξ > 1/4
λ1, λ2 > 0
λ1, λ2 < 0
λ1 > 0, λ2 < 0
λ1 < 0, λ2 > 0
FIG. 8. Stealth self-interaction in de Sitter cosmologies for
different values of the coupling constants when ξ > 1/4.
its equation of motion. This will be studied in detail in
Sec.VI.
Up to now, all our analysis rest on the redefinition
(7) which excludes the value ξ = 1/4 of the nonminimal
coupling. In the following section we analyze how to
handle this particular coupling.
V. NONMINIMAL COUPLING ξ = 1/4
Finally, in this section we address the atypical behavior
of the stealth for the coupling ξ = 1/4, where its relation
with the auxiliary function (7) is no longer valid. In this
case the pertinent redefinition is
Ψ =
exp (aσ)√
κ
, (39)
which allows the function σ(xµ) to remain separable ex-
actly the same as it was before [see Eqs. (8) and (9)].
This way, the only dependence still to be determined is
the temporal one, which is rigged again by the combina-
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tion (10) which changes now to
0 = − 2a
Ψ2
(
T s θθ − T s ττ
)
=


T ′′ + kT +
(H′ −H2 − k)(σ + 1
a
)
, k 6= 0,
T ′′ + α+
(H′ −H2)(σ + 1
a
)
, k = 0.
(40)
As for any other coupling different from the conformal
one, the solutions to these equations are simplified for de
Sitter cosmologies, giving rise to inhomogeneous stealths
to be studied in subsection VB. For any other cosmology
the stealth has to be homogeneous, σ(xµ) = T (τ). In the
next subsection, motivated by the ΛCDM model, we will
consider the case of a power-law scale factor in a flat
universe.
A. Homogeneous stealth: power-law scale factor
In a flat universe, k = 0, with power-law scale fac-
tor a(τ) = a0τ
b the equations determining the temporal
dependence of the stealth (40) become again the Euler
equation (15) for ξ = 1/4 but with an additional power-
law inhomogeneity
τ2T ′′ − b(b+ 1)T = b(b+ 1)
a0
τ−b, (41)
whose solutions are now
T (τ) =


A0τ
b+1 + τ−b
(
σ0 − b(b+1)a0(2b+1) ln τ
)
, b 6= − 12 ,
√
τ
(
A0 + σ0 ln τ − 18a0 ln
2 τ
)
, b = − 12 .
(42)
The corresponding stealth, which must be derived in
these cases using the redefinition (39), is not invertible for
generic values of the scale factor exponent. Nevertheless,
again the exponent b = −1/2 is an exception yielding
Ψ(τ) = Ψ0 exp
(
−1
8
ln2
τ
τ0
)
, (43a)
where the integration constants are rewritten as
τ0 = exp(4a0σ0), (43b)
Ψ0 =
1√
κ
exp
[
a0(A0 + 2a0σ
2
0)
]
, (43c)
which allows to invert the conformal time as
τ = τ0 exp
(
±2
√
2 ln
Ψ0
Ψ
)
. (44)
Hence, the resulting self-interaction potential is
U(Ψ) = − U0Ψ
2
Ψ20
exp
(
−2
√
2 ln
Ψ0
Ψ
)
×
(
4 ln
Ψ0
Ψ
+ 6
√
2 ln
Ψ0
Ψ
+ 3
)
, (45)
where the constant U0 is again given as in (23b). Poten-
tials with similar qualitative behavior have been observed
in previous sections. For b 6= −1/2 the corresponding
potentials can only be obtained parametrically. In par-
ticular, this allows to verify that the plots for the cases of
matter and radiation are also similar to others presented
in previous figures.
B. Inhomogeneous stealth: de Sitter cosmologies
As it was emphasized after Eq. (40), inhomogeneous
stealths can only be present in de Sitter cosmologies. To
obtain them for ξ = 1/4 we could proceed analogously as
we did in Sec. IV for the other nonconformal couplings,
i.e. to straightforwardly derive and solve the equations
for the temporal dependence of the stealth and to use
this knowledge to determine the potential. Nevertheless,
for de Sitter universes these equations are the same re-
gardless of the value of ξ and consequently the auxiliary
function σ(xµ) remains unchanged. As it was shown in
Ref. [12] the exponential dependence present in redefi-
nition (39) for ξ = 1/4 arises as a nontrivial limit of
the definition (7) for the auxiliary function correspond-
ing to generic values of the coupling. We believe it is
more enlightening to exploit here this approach to find
the ξ = 1/4 potential as a nontrivial limit of (38a).
The starting point of the procedure introduced in
Ref. [12] is to consider the following limit
lim
ξ→1/4
2ξ(1− a(τ)σ(xµ))
1− 4ξ ≡ a(τ)σˆ(x
µ). (46)
If it is well behaved, modulo redefinitions of the integra-
tion constants, a new auxiliary function could be defined
according to the above right-hand side. Then, starting
from the expression for a generic coupling (7), configu-
ration (39) can be reached as the nonminimal coupling
goes to the value ξ = 1/4, i.e.
Ψ = lim
ξ→1/4
1√
κ
(aσ)
− 2ξ1−4ξ
= lim
ξ→1/4
1√
κ
(
1− 1− 4ξ
2ξ
aσˆ +O ((1− 4ξ)2))−
2ξ
1−4ξ
=
exp(aσˆ)√
κ
. (47)
In the present case, the condition (46) is achieved for
the stealth solution (37) on de Sitter cosmologies (35) by
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redefining the integrations constants as
A0 =
1
l
− 1− 4ξ
2ξ
Aˆ0, (48a)(
σ0, α, ~A
)
= −1− 4ξ
2ξ
(
σˆ0, αˆ,
~ˆ
A
)
, (48b)
which allows to obtain exactly the same expression for
the new auxiliary function in terms of the new integration
constants
σˆ(xµ) =
Aˆ0√
k
sin
√
kτ +
(
σˆ0
2
+
αˆ
k
)
cos
√
kτ
+
(
σˆ0
2
− αˆ
k
)√
1− k ~x2 + ~ˆA · ~x. (49)
The next step is to obtain the ξ = 1/4 potential as the
limit resulting from considering the redefinitions (48) on
the starting self-interaction (38a), which after a careful
rearrangement can be rewritten as follows:
U(Ψ) = lim
ξ→1/4
−Ψ
2
2l2

(1 +O(1− 4ξ))
×
(
Ψ
1−4ξ
2ξ − 1
1−4ξ
2ξ
− Aˆ0l + 3
2
+O(1 − 4ξ)
)2
− λˆ1 − 3
4
+O(1− 4ξ)


= − Ψ
2
2l2
[(
ln
Ψ
Ψ0
+
3
2
)2
− λˆ1 − 3
4
]
, (50a)
where the new coupling constants are
λˆ1 = l
2[
~ˆ
A− 2αˆσˆ0], (50b)
Ψ0 =
exp(Aˆ0l)√
κ
. (50c)
Expressions (49) and (50) are just the exact ones ob-
tained by straightforwardly integrating the stealth con-
straints for the nonminimal coupling ξ = 1/4. These
results are in agreement with those previously found for
(A)dS in Ref. [11]. The obtained potential has extrema
at
Ψ± = Ψ0 exp
(
−2±
√
1 + λˆ1
)
, (51)
which are local minima or maxima depending on the par-
ticular choices for λˆ1. Different configurations are plotted
in Fig. 9.
VI. STEALTH EFFECTIVE POTENTIAL
In previous sections we stated the problem of finding
the stealth potential in different cases. Particularly, we
Ψ
Ψ0
U (Ψ)
U0 ξ = 1/4
FIG. 9. Stealth self-interaction in de Sitter cosmologies when
the nonminimal coupling has the special value ξ = 1/4.
were able to determine the potential as an explicit func-
tion of the field when the dependence of the stealth on
the conformal time was invertible. Nevertheless, it is im-
portant to notice that to fully understand the stealth dy-
namics it must be considered that due to the nonminimal
coupling to gravity there is a term that can be consid-
ered as part of an effective potential. Recall that the field
equation of motion is
Ψ = U ′(Ψ) + ξRΨ, (52)
which is obtained by taking the variation of action (5)
with respect to the stealth. In a universe driven by a
barotropic perfect fluid, by taking the trace of the Ein-
stein equations (3), using the conserved density (A3) and
the resulting power law (A6) we obtain
R =
2κ(b− 1)
b
ρ =
6b(b− 1)
a2b
1
τ2(b+1)
, (53)
i. e., the Ricci scalar is proportional to the density of the
fluid. As a result, when the conformal time is invertible
in terms of the stealth, τ = τ(Ψ), the scalar curvature
can be expressed as a local function of this scalar field,
allowing to rewrite its equation of motion (52) as follows
Ψ = U ′eff(Ψ). (54)
Hence, the effective potential is defined as
Ueff(Ψ) ≡ U(Ψ) + 6ξb(b− 1)
a2b
∫
Ψ
τ(Ψ)2(b+1)
dΨ. (55)
12
U (Ψ)
U0
Ψ
Ψ0
Ueff(Ψ)
U(Ψ)
FIG. 10. The potential in presence of matter with b = 2 is
unbounded from below when ξ < 1/6, however considering
the correction due to the nonminimal coupling turns it well
behaved.
Let us consider as nontrivial examples the particular
cases of the early and late time approximations studied
in subsubsection III A 3. For them, the inversion of their
homogeneous stealths (28) in terms of the conformal time
gives power-law behaviors, which after being considered
in the integration of the nonminimal contribution of (55),
leads to the same exponents appearing in their original
potentials (29). Consequently the effective potentials are
Ueff(Ψ±) = λeff±
(
Ψ±
Ψ0
) 2[1−3ξ+(1−2ξ)b±2ξβ]
ξ(2b+1±2β)
, (56a)
where the correction is manifested via the related cou-
pling constants
λeff± ≡ λ± +
48ξ2(2b+ 1∓ 2β)b(b− 1)U0
[b+ 1− ξ(2b+ 3)∓ 2ξβ]τ0 2b+1 . (56b)
In some cases, like for instance stealths in presence of
matter (b = 2) with a nonminimal coupling ξ < 1/6, the
self-interaction constants can change its sign, drastically
modifying the behavior of the potential as can be seen in
Fig. 10.
VII. CONCLUSIONS AND OUTLOOK
The aim of the current work was to show that the
ΛCDM model admits a wider class of stealth fields than
those conformally coupled to gravity already studied in
Ref. [15]. The motivation behind this plan is that most
observables of this cosmological model are determined
not only by the time dependence of the scale factor but
also by the evolution of acoustic oscillations of density
perturbations around the time when radiation and mat-
ter densities were nearly equal. The introduction of the
density perturbations into the picture implies to break
both the conformal flatness of the FRW universe and the
conformal symmetry of the stealth action considered in
[15]; the two indispensable ingredients justifying the exis-
tence of the conformal stealths. Hence, the answer to the
question on the presence of stealths in the ΛCDM model
necessarily implies dealing with nonconformal couplings
to gravity.
For more general nonminimal couplings we found in
this research that inhomogeneous stealths, as those en-
abled in the conformal case, are only allowed in de Sitter
backgrounds. Therefore, the ΛCDM stealth has to be un-
avoidably homogeneous. We were able to find a version of
such nonconformal stealth by restricting the problem to
a FRW universe filled with radiation and matter. Unfor-
tunately, the corresponding expression for this stealth as
function of the conformal time is given in terms of hyper-
geometric functions, which makes it almost impossible to
explicitly find the corresponding self-interaction poten-
tial. The analogous task for the whole ΛCDM model is
even more challenging, but it could be approached nu-
merically. Moreover, an idea of how the potential for
the ΛCDM stealth would look can be drawn by solving
the problem taking into account that in each epoch of
the cosmological evolution the corresponding scale factor
has a given power-law dependence on the conformal time.
Here, we solved the problem for homogeneous stealths
during power-law inflation, radiation and matter domi-
nated eras, and during de Sitter expansion, which are the
main epochs of the ΛCDM model. We obtained a variety
of functional forms for the stealth potential, which may
or may not be modified after considering the contribution
accounting for the nonminimal coupling to gravity in the
stealth equation of motion. For certain combinations of
the nonminimal coupling ξ and the scale-factor exponent
b this effective potential bounds the stealth dynamics, in
some cases allowing for the possibility of a stealth which
evolves towards a minimum in any of the main epochs of
the ΛCDM model.
There are two interesting and complementary ways
of extending the results in this paper to look for ob-
servational consequences of the existence of the ΛCDM
stealth. First of all, one can now consider the cases where
neither the stealth action is conformally invariant nor the
spacetime is conformally flat. This will allow us to estab-
lish whether a stealth field can exist on inhomogenous
or anisotropic universes like, for instance, several of the
Bianchi spacetimes. Complementarily, one can take the
usual approach of considering that the actual universe
is well approximated by FRW plus small perturbations.
Using now the several examples of stealths found here
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and the interesting fact that their fluctuations are not
necessarily stealth themselves, it would be possible to
explore their consequences on the spectra of the cosmic
microwave background radiation and in the cosmological
large-scale structures statistics.
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Appendix A: Scale factor for barotropic fluids in
conformal time
As emphasized in the Introduction all cosmological
phases can be modeled by their dominant barotropic per-
fect fluid which imposes a power-law behavior for the
scale factor. Since this fact is intensively used the paper
we summarize here how it is described in terms of the
conformal time. This allows us to fix the notation for
the remaining Appendixes and the whole paper.
A perfect fluid satisfies the continuity equation
ρ′ + 3H(ρ+ P ) = 0. (A1)
This fluid is denominated barotropic if additionally re-
spects the equation of state
P = wρ, (A2)
which allows to integrate the continuity equation, yield-
ing the following relation between the scale factor and
the density
ρ = ρ0
(
a
ab
)−2(b+1)/b
, (A3a)
where
b =
2
3w + 1
, ab = |b|
(
3
κρ0
)1/2
, (A3b)
and the last is a length scale defined by the integration
constant density ρ0. Using the above density (A3) on the
Friedmann equation
3H2 = κρa2 − 3k, (A4)
for the flat case k = 0 (which is the most interesting from
the observational point of view [4]) it becomes(
a′
ab
)2
= b2
(
a
ab
)2(b−1)/b
. (A5)
This equation is easily integrated yielding
a(τ) = abτ
b, (A6)
modulo redefinitions of the conformal time making it pos-
itive in all cases. This is the scale factor characterizing
the conformal time evolution of a barotropic perfect fluid
and the starting point of the following two Appendixes.
Appendix B: Scale factor for a mixture of radiation
and matter
The first examples of stealths analyzed in Sec. III are
those present in the big bang era, which is characterized
by the evolution of a mixture of radiation (w = 1/3)
and pressureless matter (w = 0). We explicitly describe
here the simultaneous evolution of these two kinds of
barotropic perfect fluids. Interestingly, in spite of the
nonlinearity that Friedmann equation (A4) inherits from
Einstein equations, the resulting scale factor reduces to
a superposition of those each fluid obeys separately. For
a mixture of radiation, b = 1, and matter, b = 2,
ρ = ρν + ρm, (B1)
since each component is individually conserved, their cor-
responding densities (A3) will be
ρν = ρν0
(
a
a1
)−4
, ρm = ρm0
(
a
a2
)−3
. (B2)
Using these expressions, the flat Friedmann equation
(A4) reduces to
(a′)2 = 4a2a+ (a1)2, (B3)
which can be straightforwardly integrated as
a(τ) = a2(τ − τ0)2 − (a1)
2
4a2
. (B4)
Surprisingly, after shifting the conformal time by
τ 7→ τ − τ0 − a1
2a2
, (B5)
the scale factor for a mixture of radiation and matter
can be written as a superposition of the scale factors
describing them individually
a(τ) = a1τ + a2τ
2. (B6)
Appendix C: Power-law scale factors, cosmic vs
conformal times
Power-law behaviors on the scale factor are usually
studied in terms of the cosmic time. Since we use the
conformal gauge in this paper, it is necessary to reexam-
ine the precise relation between both gauge choices. We
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address the issue in this appendix. Recalling that the
power-law scale factor in the conformal time is given by
(A6) then, from the relation between both times
dt = adτ, (C1)
for b 6= −1 it is found that
t =
ab
b+ 1
τb+1. (C2)
Therefore, the scale factor in the cosmic gauge is also
given by a power law
a(t) = ab
(
b+ 1
ab
t
) b
b+1
∝ tp, p ≡ b
b+ 1
. (C3)
The exception is the exponent b = −1 (w = −1), where
the integration leads to
t = a−1 ln τ, (C4)
and consequently, the scale factor is described by the
exponential behavior
a(t) = a−1 exp
(
− t
a−1
)
. (C5)
Notice from (A6) that τ < 1 in order to have a growing
scale factor, implying from (C4) that t < 0. Hence, the
usual expression for de Sitter expansion in the cosmic
gauge when k = 0 (see (D5) in the next Appendix) is
obtained after a time inversion.
Appendix D: de Sitter cosmologies
Here, we briefly review vacuum Einstein equations
with positive cosmological constant for the FRW uni-
verses, which define de Sitter cosmologies, and how they
are equivalent to the constraint (11). The cosmological
vacuum Einstein equations are diagonal as the metric
G ττ + Λ = −
3
a2
(H2 + k)+ Λ = 0, (D1a)
G
(i)
(i) + Λ = −
1
a2
(
2H′ +H2 + k)+ Λ = 0, (D1b)
where the index i stands for the spatial components and
the parenthesis around it denotes the i-th diagonal mixed
component and that no summation occurs for this index.
These equations are not independent, since the second
order differential equation resulting from spatial compo-
nents (D1b) can be written in terms of the first order
Friedmann one (D1a) and its derivative. Concretely, this
is clear by taking their difference
0 = G ττ −G (i)(i) =
2
a2
(H′ −H2 − k)
=
1
H
(H2 + k
a2
)′
. (D2)
As a result the concerned vacuum geometries necessarily
obey the constraint (11). Conversely, if a given geometry
fulfills constraint (11) it also allows the existence of a
first integral that can be interpreted as the cosmological
constant of a Friedmann-like equation. In both situations
it is enough to analyze the Friedmann equation (D1a),
whose solution is
a(τ) =
l
√
k
sin
√
kτ
, (D3)
where l =
√
3/Λ is the de Sitter radius associated to the
involved cosmological constant and the conformal time
has been appropriately reparametrized. This is the scale
factor characterizing de Sitter cosmologies in conformal
time. The flat case is obtained as the limit k → 0 of the
above expression.
It is more common to express de Sitter cosmologies in
terms of the cosmic time. This is more easily obtained by
straightforwardly solving the Friedmann equation (D1a)
written in terms of this other gauge (C1). The general
result is
a(t) = l
[
exp
(
t− t0
l
)
+ k exp
(
− t− t0
l
)]
, (D4)
which if splitted case by case gives, after appropriated
reparametrizations, the familiar expressions for de Sitter
cosmologies
a(t) =


l cosh t/l, k = 1,
l exp t/l, k = 0,
l sinh t/l, k = −1.
(D5)
Appendix E: Stealth on de Sitter space from
Riemann coordinates
The existence of stealths on de Sitter space was first
studied in Ref. [11] exploiting the fact that this space has
constant curvature, which implies it is also conformally
flat. The last property is manifest in the Riemann coor-
dinates xµ = (x0, x1, x2, x3) which allows us to write de
Sitter metric as
ds2 = Ω2dxµdx
µ ≡ dxµdx
µ(
1 + 14l2 xµx
µ
)2 . (E1)
In what follows the indices are lowered with the flat met-
ric, e.g. xµ = ηµνx
ν . In Ref. [11] it is proved the stealth
is necessarily expressed by
Ψ(xµ) =
1
√
κ (ΩσM)
2ξ
1−4ξ
, (E2a)
where Ω is the conformal factor of the metric (E1) and
the auxiliary separable function corresponds to the one
of Minkowski flat spacetime [10]
σM =
α˜
2
xµx
µ + k˜µx
µ + σ˜0, (E2b)
15
with α˜, k˜µ and σ˜0 being integration constants. The po-
tential is exactly the same as (38a) but the coupling con-
stants are defined now in terms of the present integration
constants as
λ1 = k˜µk˜
µ − 2α˜σ˜0, (E3a)
λ2 = α˜+
σ˜0
2l2
. (E3b)
We shall show now that these results coincide with the
ones we obtain in Sec. IV when de Sitter space is viewed
as a FRW universe, i.e. when it is foliated by spatial hy-
persurfaces of constant curvature k. This foliation can
be accomplished by changing the Riemann coordinates
to the Cartesian FRW ones (τ, ~x) = (τ, x, y, z), after sub-
stituting
x0 = 2l
(
1
k +
1
4
)
cos
√
kτ − ( 1k − 14)√1− k~x2
sin
√
kτ√
k
+ z
, (E4a)
x1 = 2l
x
sin
√
kτ√
k
+ z
, (E4b)
x2 = 2l
y
sin
√
kτ√
k
+ z
, (E4c)
x3 = 2l
(
1
k − 14
)
cos
√
kτ − ( 1k + 14)√1− k~x2
sin
√
kτ√
k
+ z
. (E4d)
These transformations allow to express de Sitter metric
(E1) as
ds2 =
kl2
sin2
√
kτ
(
−dτ2 + d~x2 + k(~x · d~x)
2
1− k~x2
)
, (E5)
which by passing to standard spherical coordinates looks
in the form (35) used in Sec. IV. Notice, the flat foliation
is obtained just by taking the limit k→ 0 in transforma-
tion (E4). We start by writing the Riemann conformal
factor of (E1) in the new coordinates
Ω =
sin
√
kτ +
√
kz
2 sin
√
kτ
. (E6)
The next step is to change the Minkowski auxiliary func-
tion (E2b) as well
σM =
2
√
kl
sin
√
kτ +
√
kz
{
α˜l
(
sin
√
kτ√
k
− z
)
+ k˜0
[(
1
k
+
1
4
)
cos
√
kτ −
(
1
k
− 1
4
)√
1− kr2
]
+ k˜1x+ k˜2y
+ k˜3
[(
1
k
− 1
4
)
cos
√
kτ −
(
1
k
+
1
4
)√
1− kr2
]
+
σ˜0
2l
(
sin
√
kτ√
k
+ z
) }
=
2
√
kl
sin
√
kτ +
√
kz
[
A0√
k
sin
√
kτ + ~A · ~x
+
(σ0
2
+
α
k
)
cos
√
kτ
+
(σ0
2
− α
k
)√
1− k~x2
]
, (E7)
where the integration constants are redefined by
A0 =
σ˜0
2l
+ α˜l, A1 = k˜1, α = k˜0 + k˜3, (E8a)
A3 =
σ˜0
2l
− α˜l, A2 = k˜2, 2σ0 = k˜0 − k˜3. (E8b)
It is obvious now that the arguments of the powers in the
redefinitions (E2) and (7) are exactly the same
ΩσM = aσFRW, (E9)
and consequently, the expression for the stealth on de Sit-
ter space written in Riemann coordinates from Ref. [11]
coincides with that obtained in Sec. IV when de Sitter
is viewed as a cosmology. Additionally, under relations
(E8) the coupling constants of the self-interaction poten-
tial (E3) are transformed to those previously obtained in
Eqs. (38b) and (38c).
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